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Abstract. Let r^ e ' : Z — > Z be a multiplicative function such that r^ e ' (p a ) = 

Scii ■•■d =a ^' ^ n * ne P res ent paper we introduce generalizations of r^ e ' over 
the ring of Gaussian integers Z[i]. We determine their maximal orders by 
proving a general result and establish asymptotic formulas for their average 
orders. 



1. Introduction 

Exponential divisor function r^ e ' : Z — >• Z introduced by Subbarao in [8] is a 
multiplicative function such that 

r^{p a ) = T{a), 

where r: Z — > Z stands for the usual divisor function, r(n) — 53d| n ^' Erdos esti- 
mated its maximal order and Subbarao proved an asymptotic formula for ^2 n<x (n). 
Later Wu [T2| gave more precise estimate: 

5^ r^(n) = Ac + B^ 1 / 2 + 0(:r ei < 2+e ), 

where ^4 and _B are computable constants, 9i.2 is an exponent in the error term 
of the estimate J^atf^x 1 = C( 2 ) x + C( 1 / 2 ) a;1/2 + O{x 01 - 2+e ). The best modern 
result |2J is that 1)2 1057/4785. 

One can consider multidimensional exponential divisor function : Z — > Z 
such that 

r( e) (p a )=r fe (a), 

where Tfc(n) is a number of ordered fc-tuples of positive integers (di, . . . , dk) such 
that d\ ■ ■ ■ dk = n. So = Tq • Toth [TT] investigated asymptotic properties of 

(e) 

Tu and proved that for arbitrarily e > 



^ rf. e) (n) = C k x + x^ 2 S k . 2 (logx) + 0{x w " J • 

71 <X 



where Sfc_2 is a polynomial of degree fc — 2 and w k — (2k — l)/(4fc + 1). 

In the present paper we generalize multidimensional exponential divisor func- 
tion over the ring of Gaussian integers Z[i]. Namely we introduce multiplicative 
functions rjfj : Z -> Z, t k e \t k e } : Z[i] -> Z such that 

(1) ri% a )=t k (a), t k e \p a ) =r k (a), t&V) = t k (a), 

where p is prime over Z, p is prime over Z[i], i k {a) is a number of ordered fc-tuples 
of non-associated in pairs Gaussian integers (p±, . . . , 3^) such that 5i • • • $ k = a. 
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The aims of this paper are to determine maximal orders of , Tf.J , xi , tjj,„ and 

to provide asymptotic formulas for ^ ("), Ew( a )^ $ («). Ew(«)^x 4* ( a )' 

A theorem on the maximal order of multiplicative functions over Z[i], generalizing 
[S], is also proved. 



2. Notation 

Let us denote the ring of Gaussian integers by Z[i], AT (a + bi) = a 2 + b 2 . 

In asymptotic relations we use ~, x, Landau symbols O and o, Vinogradov 
symbols <C and ^> in their usual meanings. All asymptotic relations are written 
for the argument tending to the infinity. 

Letters p and q with or without indexes denote Gaussian primes; p and q denote 
rational primes. 

As usual C(s) is Riemann zeta-function and L(s, x) is Dirichlet L- function. Let Xi 
be the single nonprincipal character modulo 4, then 

Z(s) = C(s)L(8, X i) 

is Hecke zeta-function for the ring of Gaussian integers. 

Real and imaginary components of the complex s are denoted as a := 5fts and t := 
3s, so s = a + it. 

We use abbreviations Hog a; := log log x, lllogx := log log log x. 

Notation means a summation over non-associated elements of Z[i], and Y[ 
means the similar relative to multiplication. Notation a ~ b means that a and b 
are associated, that is a/b € {±l,±z}. But in asymptotic relations ~ preserve its 
usual meaning. 

Letter 7 denotes Euler-Mascheroni constant. Everywhere e > is an arbitrarily 
small number (not always the same). 

We write / * g for the notation of the Dirichlet convolution 

(f*g)(n)=J2f(d)g(n/d). 

d\n 

3. Preliminary lemmas 
We need following auxiliary results. 

Lemma 1 (Gauss criterion) . Gaussian integer p is prime if and only if one of the 
following cases complies: 

• p~l + t, 

• p ~ p, where p = 3 (mod 4), 

• N(p) = p, where p = 1 (mod 4). 

In the last case there are exactly two non- associated pi and p2 such that N(p\) = 
N{p 2 )=P- 

Proof. See [3 §34]. ■ 



Lemma 2. 



(2) £' 1 



log x ' 

(3) log^(p)~ 
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Proof. Taking into account Gauss criterion and the asymptotic law of the dis- 
tribution of primes in the arithmetic progression we have 

Y^' 1 ~ #{> I P = 3 (mod 4),p < v 7 ^} + 2#{p |p=l (mod 4),p < x} ~ 

JV(p)^a: 



0(4)loga;/2 0(4) log x logx 

A partial summation with the use of ^ gives us the second statement of the 
lemma. ■ 

Lemma 3. For k ^ 2 

log Tfe(n) logfc 



(4) 



max • 



n^i n 2 
Proof. Taking into account 

^=C + a" 1 )° < \ 

for Q(n) := E p -|i„ a we have r fe(") < fc " (n) < fc'° S2 This implies 

log T k (n) \og 2 n logfc 

< logfc < — r— , 

n n 2 

because n _1 log 2 n is strictly decreasing for n ^ 2. But 

logr fc (2) logfc 



Lemma 4. For k ^ 2 

, logtfc(n) 1 /fc + 1 

(5) max = o log o 

n>i n 2 \ 2 

Proof. Let fc 2 := C^ 1 )- Lemma [1] implies that 

, . /fc + 2a-l\ 
t fe (2«) = ( 2fl 

t fc (p Q ) = P + ^~ J < < ifp = 3 (mod 4), 

t & (p Q ) = + ^ 2a if p = 1 (mod 4). 

Let us define 



a. 

pSl(mod4) p3«l(mod 4) 

Then t fe (n) k 2n ^k^ 2{n) . Consider 



v 2 

x log k 2 + y log fc 2 



f(x,y) 



5 x 2v 

then logtfe(n) ^ /(fii(n), f2 2 (n)). One can verify that if x ^ 1 or y 1 then 

/(* + 1, y) < /(*, y), /(a:, y + 1) < /(a:, y), 
because log fc 2 + log fc 2 < 5 log fc 2 . So 



max 



/(^y) = max{/(l,0) ! /(0,l)}= 
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But 

logt fc (2) _ logfc 2 



Lemma 5. Let F: Z — > C be a multiplicative function such that Fk(p a ) = f(a), 
where f(n) n@ for some (3 > 0. Then 

logF fc (n)llogn log/(n) 
hm sup = sup — . 

n^oo logn n 

Proof. See 0. ■ 
Lemma 6. Let f{t) > 0. // 

J f(t)dt<:g(T), 
where g(T) = T a log^ T, a > 1, t/ien 



Proof. Let us divide the interval of integration into parts: 

l °S 2 T T/2 k log 2 T T/2fc lofoT , r/2 fcs 

Now the lemma's statement follows from elementary estimates. ■ 

Lemma 7. Le£ T > 10 and \d — 1/2 1 <C 1/logT. 27ien we ftave the following 
estimates 

d+iT i 

|C( S )| 4 - « log 5 T, 



-IT 



S 



pd+iT , 

/ \L( S , X 4)\ 4 - « log 5 T, 

Jd-iT s 



for growing T . 



Proof. The statement is the result of the application of Lemma [5] to the esti- 
mates [6, Th. 10.1, p. 75]. 

Lemma 8. Define > such that C(l/2 + it) <C t e as t — > oo, and let -q > be 
arbitrarily small. Then 



C(«) « 



| t |l/2-(i-2fl)a j CT e [0,1/2], 

|t| M ( 1 -'), ae [1/2,1 -r?], 

|t|2«(l-») log 2 / 3 |t|, <TG [1-77,1], 

log 2 / 3 |i|, <t>1. 



T/je same estimates are valid for L{s, xa) also. 

Proof. The statement follows from Phragmen — Lindelof principle, exact and ap- 
proximate functional equations for £(s) and L(s, Xi)- See [5] and |10) for details. I 

The best modern result [3] is that 9 < 32/205 + e. 
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4. Main results 
First we give maximal orders of , , t|. and tjj.* . 

The following theorem generalizes Lemma [5] to Gaussian integers; the proof's 
outline follows the proof of Lemma [5] in [9 J . 

Theorem 1. Let F : Z[i] —> C be a multiplicative function such that F(p a ) = f(a), 
where f(n) -C n@ for some (3 > 0. Then 

log F(q) llog JV(q) log f(n) 
hmsup — — = sup := Kt. 

a^oo \0gN[pc) U 

Proof. Let us fix arbitrarily small e > 0. 

Firstly, let us show that there are infinitely many a such that 

log llog jV(q) 

logJV(a) f £ ' 

By definition of Kf we can choose I such that 

(log/(i))/i> JT/-E/2. 
It follows from that for x ^ 2 inequality 

^ logTV(p) > Ax 

holds, where < A < 1. 

Let q be an arbitrarily large Gaussian prime, iV(q) ^ 2. Consider 

r= e' i. «= n' p- 

JV(p)<iV(q) Ar(p)<iV(q) 

Then = (/(/)) r and we have 

(6) rlogjV(q)^ l0gi J (a) = logJV(p) > A/V(q), 

iV(p)^JV(q) 

But ([5]) implies 

log 4 + log N(q) < log l0g ^ (a) llog AT (a), 
so log N(q) < llog N(a) - log A. Then it follows from © that 
logF(q)> l0gjV(Q) 1Og/(0 

and since 

(log/(0)A > K f- £ / 2 and A < 1 we have 
log F(a) llog JV(q) llog JV(q) _ 

logTV(a) > Hog7V( a )_logA l ' £/ ^ >A ^ £ ' 

Second, let us show the existence of iV(e) such that for all n ^ N(e) we have 
log F(n) llog JV(q) 

bglvH <( 1 + £ )^- 

Let us choose d £ (0,e) and 77 £ (0, 5/(1 + <5)). Suppose N(a) ^ 3, then we define 
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By choice of 5 and 77 we have 

SI" = exp(o;logfi) = exp((l-T))(l + 6)K f ) > e K > . 
Suppose that the canonical expansion of a is 

where N(p k ) < ^ and N(q k ) > ft. Then 

{ ) N"(a) 11 JV«»*(p fc )"ll JV^*(q fc ) ' 2 

But since fi w > and X/ ^ (log f{b k j) /b k then 

/(6fc) < ZM < IM <; 1 



N" bk (q k ) O^ 6 * e K f bk 
and it follows that II2 ^ 1. Consider III . From the statement of the theorem we 
have f(n) <C n", so 



N" a »{p k ) {uia k y 

Then 



logni < ftloguT^ < log 1_,? A(a)lllog7V(a) = o 
And finally by (O we get 

log F{n) =u log n + log III + log n 2 



logA^a) 



UogiV(a) / 
(1 + S)Kf \ogn (e-S)Kflogn 



Hog n Hog n 



Theorem 2. 

log (n) Hog n log fc 



lim sup ■ 



logn 



linisup log^(n)llogn = 1 /* + ! 
n-yoo logn 2 \ 2 

logti e) (a)llogA^(a) logfc 
hm sup — — = , 

a^oo logAT(a) 2 

hm S up l05 ^ (Q) "° S ^ (a) = V fc + 1 
Q ^oo logJV(a) 2 B V 2 

Proof. Statements follow from (j3]) , (J5J) , Lemma \5\ and Theorem [T] ■ 

A simple corollary of the Theorem [5] is that 

(9) T^(n)<n e , ti e) (a)«A e (a), t^(a) « N s (a). 

We are ready to provide asymptotic formulas for sums of r^(n), l k e \a), t^(a). 
Let us denote 

F fc ( fl ):=2'tW(a)JV-(a), M k (x) := 4 e) (a), 
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Lemma 9. 

(10) G fe *(s) = C(s)C (fc2+ ^ 2)/2 (2s)C ( - fe2+fe)/2 (3 S )C ( " fc4+7fe2 " 6fc)/12 (4 S ) x 

x C (5fc4 " 6fc3 " 5fe2+6fe)/24 (5 S )g fc »( S ), 

(11) F k (s) = Z( S )Z fc - 1 (2 S )Z( fc - fc2 )/ 2 (5 S )Z(- fc3+6fc2 - 5fc )/ 6 (6s) x 

x z (k 3 -4k 2 +3k)/2^ s ^ z (3k i -26k 3 +57k 2 -34k)/24^ 8s ^ k ^ s ^ 

(12) F fc ,(s) = Z( S )Z( fe2 + fe - 2 )/ 2 (2 S )Z(- fe2 + fc )/ 2 (3 S )Z(- fe4+7fe2 - 6fc )/ 12 (4 S ) x 

x Z (5fc 4 -6^-5fe 2 +6fe)/24 (5s)/ ^ (s); 

where Dirichlet series /fc(s) are absolutely convergent for 3?s > 1/9 and Dirichlet 
series for fk*{s), gk*(s) are absolutely convergent for 5Rs > 1/6. 

Proof. The statements can be directly verified with the help of the Bell series 

(e) 

for corresponding functions. For example, for t k we have following representation: 



J2 ti e) (p> a (1 - x)(l - x 2 )*- 1 ^ - 2; 5 )( fe - fe2 )/ 2 (l - x 



X 



\a=0 / 

X (1 - 2 ,7^(fc 3 -4fe 2 +3fe)/2^ 1 _ a ,8-)(3fc 4 -26fc 3 +57fc 2 -34fc)/24 _ 1 + Ql^y 



Then (|lip follows from the representation of F k and Z in the form of infinite 
products by p: 



oo 

Fk( S ) = n ( e 4 e) (p a K ) > = n( i - p")' 1 - 

P \a=0 / p 

Identities (fTU)l and (|12l) can be proved the same way. ■ 

Let us define a := (1,2,..., 2), 

; 

r(a;n):= ^ 1, T(a; as) := ]T r(a; n) = ]T 1, 

d d\---d 2 =n n^x d d\- ■ ■ d 2 ^.x 

Due to [5, Th. 6.10] we have 

(13) T(&;x) = C lX + x 1/2 Q(\ogx) + 0(x w,+E ), 

where Q is a polynomial with computable coefficients, degQ = 1 — 1, and wi ^ 
(21 + 1)/ (4Z + 5). For some special values of I better estimates of the error term 
can be obtained. For example, W\ ^ 1057/4785 (see [5]) and W2 ^ 8/25 due to [SJ 
(6.16)]. 

Theorem 3. 

TUx) = A k x + x^ 2 P k (\ogx)0(x v " +e ), 
where P k is a polynomial with computable coefficients, degPk = (fc 2 + fc — 4)/2, and 

v k = max(w (fe 2 +fc _2)/2, 1/3). 
Proof. Let I = (k 2 + k - 2)/2. Identity JTQj implies 

(14) ri e J = r(a; •) * /, T k *(x) = £ T(a; x/n)f(n), 

where series Y^=i f{ n ) n ~ a & re absolutely convergent for a > 1/3. 
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One can plainly estimate: 



Substituting estimates (fT5)) , (fT5)) and ([TSJ) into (|14p we get 

A — ' n L — 4 n 1 '^ 

= A k x + x 1/2 P k {\ogx) + 0(x Vk+£ ). 

Lemma 10. 

(17) res F k (s)x s /s = C k x, res F k *(s)x s /s = C k *x, 

s—l s—1 

where 



(is) = fn i+ e 



tfc(o) - t fc (a - 1) 



4 111 7Va(p) I 

p \ a=2 yrJ I 

Proof. As a consequence of the representation pip we have 

vM = tj(i + y Tk{a) ) (i-p- 1 ) = T\(i + Y Tk{a) ~ Tkia ~ 1) ) 

and so function F k (s)/Z(s) is regular in the neighbourhood of s = 1. At the same 
time we have 

res Z(s) = L(l, Xi ) res ((s) = -, 

s— 1 s—l 4 

which implies (JTS]). The proof of (fT§)) is similar. ■ 

Numerical values of C k and Cfc* can be calculated in PARI/GP [7] with the use 
of the transformation 

Hf(N(p))=f(2) n j(j>y n 

p p=4fc+l p=4fc+3 

due to Lemma [TJ For example, 

C 2 « 1,156 101, C 2 * « 1,524 172. 

Theorem 4. 

(20) M fc (aO = CkX + Oix^log^-^x), 

(21) M fc *(z) = + 0(x 1/2 log 3+2(fc2+fc - 2)/3 a;), 
where C k and C klt were defined in (I18p and Q19p . 

Proof. By Perron formula and by ((9]) for c — 1 + 1/ log x, log T x log a; we have 



1 



c+iT 



M fc (z) = — / F k (s)-ds + 
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Suppose d = 1/2—1/ log x. Let us shift the interval of integration to [d — iT, d + iT] . 
To do this consider an integral about a closed rectangle path with vertexes in 

d — iT, d + iT, c + iT and c — iT. 

There are two poles in s = 1 and s = 1/2 inside the contour. The residue at s = 1 
was calculated in (|17l) . The residue at s = 1/2 is equal to Dx 1 / 2 , D = const and 
will be absorbed by error term (see below). 
Identity (jTTj) implies 

F k (s) = Z( S )Z k - 1 (2s)f k ( S ), 

where fk(s) is regular for 5Rs > 1/3, so for each e > it is uniformly bounded 
for 5Js > 1/3 + e. 

Let us estimate the error term using Lemma [7] and Lemma [SI The error term 
absorbs values of integrals about three sides of the integration's rectangle. We take 
into account Z(s) — £(s)L(s, X4). On the horizontal segments we have 

rc+iT s 

/ Z(s)Z k - 1 (2s)—ds < max Z(a + iT)Z k ~ 1 {2a + 2iT)x a T- 1 < 

Jd+iT s <JE{d,c] 

« x^T 29 - 1 log 4(fc - 1)/3 T + xT" 1 log 4/3 T, 

It is well-known that ((s) ~ (s— 1) _1 in the neighborhood of s = 1. So on [d, d+i] 
we get 



/•d+i s pi 

/ Z{s)Z k -\2s)— ds^x 1 / 2 / ■ 

Jd 8 Jo 



C~ 1 (2d + 2it)dt< 



x 1 ' 2 I 1 d ! „. , « x 1 / 2 log^ 1 X, 



/ lii-l/logzl*- 1 
and for the rest of the vertical segment we have 

rd+iT 



/ Z(s)Z k - 1 (2s)— ds < 
«(/ ^IC(l/2+^)| 4 y V(l/2+^ X4 )| 4 ^) 1/4 (^|^(l+2z i )| 2(fc - 1) f ) V2 < 

« lV2(lo g B T • Iog8(fc-D/3+l T )l/2 3.1/2 log 3+4(fe-l)/3 y 

The choice T = x^ 2+e finishes the proof of (|2D)>. 

The proof of (|2T|) is similar, but due to ([T2^l one have replace fe — 1 by (k 2 + k 
2)/2. * I 
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